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Abstract
A continuum X has the Ω −EP property provided that for each self-mapping f the set of nonwandering points of f is contained
in the closure of the set of eventually periodic points of f . It is known that the interval and some other continua have the Ω − EP
property. We show in this note that the sin(1/x)-continuum does not have this property.
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1. Introduction and some definitions
All spaces considered are assumed to be metric, and a mapping means a continuous function. Let X be a space and
f :X → X be a self-mapping of X. We denote by N the set of all positive integers; by R the set of real numbers; and
by C the set of complex numbers.
For each n ∈ N, f n :X → X denotes the nth composition of f . A point x in X is said to be: a fixed point of f if
f (x) = x; a periodic point of f provided that there exists n ∈ N such that f n(x) = x; an eventually periodic point of
f provided that there is k ∈ N such that f k(x) is a periodic point of f ; and a nonwandering point of f if for each
neighborhood U of x there is n ∈ N such that f n(U) ∩ U = ∅.
Given a point x in X, the orbit of x under f is the following set:
o(x,f ) = {x,f (x), f 2(x), . . .}.
The sets of fixed points, periodic points, eventually periodic points, and nonwandering points of f are denoted,
respectively, by Fix(f ), P(f ), EP(f ) and Ω(f ).
In 1978 (see [1]) L. Block proved the following: For each continuous function f : I → I , we have that Ω(f ) ⊂
cl(EP(f )), where I denotes the closed unit interval [0,1] in R and cl(EP(f )) denotes the closure of EP(f ). Block’s
result says that some topology properties of the interval imply some dynamical aspects of functions defined on it.
Definition 1. A space X is said to have the nonwandering eventually periodic property (abbreviated, Ω−EP property)
provided that each mapping f :X → X satisfies Ω(f ) ⊂ cl(EP(f )).
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Let us consider the unit circle S = {z ∈ C: |z| = 1}. Let f :S → S be an irrational rotation. For each point z ∈ S,
the orbit o(z, f ) is a dense set in S. Hence Fix(f ) = P(f ) = EP(f ) = ∅, and Ω(f ) = S. Therefore the unit circle S
does not have the Ω − EP property.
A space X is a continuum if X is compact, connected and nonempty.
The question is: What other continua, besides the interval, have the Ω − EP property?
Notice that if X and Y are homeomorphic spaces, then X has the Ω − EP property if and only if Y has the Ω − EP
property.
A space Y is an arc provided that it is homeomorphic to I . A continuum X is a graph if X can be written as the
union of finitely many arcs any two of which are either disjoint or intersect only in one or both of their end points.
A continuum X is a tree if it is a graph containing no simple closed curve.
H. Hosaka and H. Kato proved in 1997 (see [2]) the following theorem.
Theorem 2. If X is a tree, then X has the Ω − EP property.
This claim extends to a certain class of continua the result of L. Block for the interval.
Another possible direction to follow is to consider the class of arc-like continua. A continuum X is an arc-like
continuum provided that for each ε > 0, there is a mapping f from X onto the unit closed interval I such that the
diameter of f−1(f (x)) is less than ε for all x ∈ X.
The sin(1/x)-continuum Y is the closure of W where
W = {(x, y): x ∈ (0,1], y = sin(1/x)}.
The space Y is an arc-like continuum. It can be considered the simplest arc-like continuum that is not an arc.
The aim of this note is to show that continuum Y does not have the Ω −EP property. In order to do that in Section 3
we produce a continuum X, homeomorphic to Y , and a mapping F :X → X such that Ω(F) ⊂ cl(EP(F )).
Note. During the past few years the members of the faculty and the students of the Universidad Nacional Autónoma
de México at México City, enjoyed the extremely kind presence of professor Janusz J. Charatonik. This note is a
product of fruitful discussions the author had with professor Charatonik. Unfortunately professor Charatonik passed
away on July 11th, 2004. We are all going to miss his deep enthusiasm and love for mathematics.
2. A helpful family of functions
In this section we introduce a family of continuous functions of I , and study the dynamical properties of some of
its members.
Let C0(I, I ) be the set of all continuous functions from I to itself.
Given g and h in C0(I, I ), let d(g,h) be defined by
d(g,h) = max{∣∣g(x) − h(x)∣∣: x ∈ I}.
Note that d(. , .) is a metric for C0(I, I ).
Let f ∈ C0(I, I ) be the piecewise linear function given by f (0) = 0, f (1/8) = 1, f (1/4) = 0, f (1/2) = 1/2,
f (3/4) = 5/8, and f (1) = 1. See Fig. 1.
Some of the properties of this function f are the following:
(i) For each x in the open interval (1/2,1), limn→∞ f n(x) = 1/2, and f n(x) = 1/2 for any n ∈ N. It implies that
(1/2,1) ∩ cl(EP(f )) = ∅ and, therefore, (1/2,1) ∩Ω(f ) = ∅ as well. In particular, 3/4 /∈ Ω(f ).
(ii) For each k ∈ N, f k((1/8)k) = 1, and limn→∞(1/8)n = 0. Hence, for each ε > 0, there exists k ∈ N, such that
f k([0, ε)) = [0,1].
The function f is member of the following family: For each λ ∈ [0,1/8], let fλ ∈ C0(I, I ) be the piecewise linear
function given by fλ(0) = 0, fλ(1/8) = 1, fλ(1/4) = 0, fλ(1/2) = 1/2 − λ, fλ(3/4) = 5/8, and fλ(1) = 1. See
Fig. 2.
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Note that for each pair 0 λ1 < λ2  1/8, d(fλ1, fλ2) = λ2 − λ1. This implies that the function from [0,1/8] to
C0(I, I ), that assigns to each λ the element fλ, is continuous.
Also f0 = f , and for each λ ∈ [0,1/8] and ε > 0, there exists k ∈ N such that f kλ ([0, ε)) = [0,1].
Lemma 3. Let g ∈ C0(I, I ), m ∈ N and x0 ∈ I . For each ε > 0 there exists δ > 0 such that if d(h,g) < δ, h ∈ C0(I, I ),
and |t − x0| < δ, t ∈ I , then |hm(t) − gm(x0)| < ε.
Proof. Let ε > 0. There exist m positive numbers δ1, δ2, . . . , δm, such that:∣∣y − gm−1(x0)∣∣< δ1 ⇒ ∣∣g(y) − gm(x0)∣∣< ε/2,∣∣y − gm−2(x0)∣∣< δ2 ⇒ ∣∣g(y) − gm−1(x0)∣∣< δ1/2,
. . .∣∣y − gm−m(x0)∣∣= |y − x0| < δm ⇒ ∣∣g(y) − g(x0)∣∣< δm−1/2.
Let δ = min{δ1/2, δ2/2, . . . , δm/2, ε/2}. It readily follows that if h ∈ C0(I, I ) and t ∈ I satisfy |t − x0| < δ and
d(h,g) < δ, then |hm(t) − gm(x0)| < ε. 
The proofs of the next two corollaries are immediate.
Corollary 4. Let m ∈ N and x0 ∈ I . The function that assigns to each element g ∈ C0(I, I ) the point gm(x0) ∈ I is
continuous.
Corollary 5. Let m ∈ N and x0 ∈ I . The function α : [0,1/8] → [0,1] given by α(t) = f mt (x0) is continuous.
Proposition 6. Let λ0 ∈ (0,1/8] and m ∈ N such that
fmλ0(3/4) 1/4 < f
m−1
λ0
(3/4).
Then there exists 0 < λ λ0 such that f mλ (3/4) = 1/4.
Proof. Assume that f mλ0(3/4) < 1/4 < f
m−1
λ0
(3/4). By Corollary 5, f mλ (3/4) tends to f m0 (3/4) = fm(3/4) > 1/2 as
λ tends to 0. Then there exists 0 < λ < λ0 such that f m(3/4) = 1/4. λ
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(i) For each k ∈ N, 0 < λk+1 < λk < 1/8.
(ii) For each k ∈ N, there exists nk ∈ N such that f nkλk (3/4) = 1/4.(iii) limn→∞ λn = 0.
Such a sequence exists given the previous proposition.
Proposition 7. Let k ∈ N. Then for each neighborhood U of 3/4 there exists m ∈ N such that f mλk (U) = I .
Proof. Let U be a neighborhood of 3/4. Let nk ∈ N be such that f nkλk (3/4) = 1/4. Hence 0 ∈ f
nk+1
λk
(U).
It is easy to see that the interior of f nk+1λk (U) is not empty. It follows that there exists l ∈ N such that
f lλk (f
nk+1
λk
(U)) = I . Taking m = nk + 1 + l, the proof is complete. 
Note that the previous proposition shows that 3/4 ∈ Ω(fλk ) for each k ∈ N.
3. A space homeomorphic to the sin(1/x)-continuum
In this part we use, when needed, the notation of the previous section. Let {xn}∞n=1 be the following sequence:{
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For each n ∈ N, let Ln be the line segment joining (xn,0) with (xn+1,1) if n is odd; and let Ln be the line segment
joining (xn,1) with (xn+1,0) if n is even. Also let L0 = {(x, y): x = 0, y ∈ [0,1]}.
Finally, let X = ⋃∞n=0 Ln. Note that X is a continuum and it is homeomorphic to the sin(1/x)-continuum. See
Fig. 3.
Now we produce some functions defined on X. Let π1 :X → I , π2 :X → I and G :X → X given by π1(x, y) = x,
π2(x, y) = y and G(x,y) = (x/2, y).
For each k ∈ N, consider the function Λk :X → X defined as follows:
(i) Λk(L0) = L0, and Λk(0, y) = (0, fλk (y)), and
(ii) given n ∈ N, let Λk(Ln) = Ln be the function that satisfies the following: for any (x, y) in Ln, π2(Λk(x, y)) =
fλk (π2(x, y)).
Note that, considering only the second coordinate, Λk acts, in essence, on X as fλk acts on I .
Fig. 3. Continuum X.
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gn : [xn+1, xn] → [xn+1, xn]
such that Λk(x, y) = (gn(x), fλk (y)) provided that (x, y) ∈ Ln. Therefore for each k, π1 ◦ Λk and π2 ◦ Λk are con-
tinuous. Hence Λk :X → X is continuous. Also it is not difficult to see that for each (x, y) ∈ X, G ◦ Λk(x, y) =
Λk ◦G(x,y).
Finally note that given the properties of sequences {λn}∞n=1 and {fλn}∞n=1, for each k ∈ N there exists mk ∈ N such
that if (x0,3/4) is in Ln, for some n ∈ N, then π2(Λmkk (x0,3/4)) = 0.
Using the family {Λk} we produce another function of X.
Let Λ :X → X defined as follows:
(i) Λ(L0) = L0, and Λ(0, y) = (0, f0(y)) = (0, f (y)),
(ii) for each n ∈ N, Λ(Ln) = Ln, and
(iii) as mentioned above, for each k ∈ N, let mk ∈ N be such that f mkλk (3/4) = 0. Then:
restricted to
⋃2m1
j=1 Lj , Λ(x,y) = Λ1(x, y);
restricted to
⋃2m1+2m2
j=2m1+1 Lj , Λ(x,y) = Λ2(x, y);
restricted to
⋃2m1+2m2+2m3
j=2m1+2m2+1 Lj , Λ(x,y) = Λ3(x, y); . . ..
That is, for each i  2, restricted to the union of line segments Lj from j = (∑i−1l=1 2ml)+ 1 to j =∑il=1 2ml , we
have that Λ(x,y) = Λi(x, y).
The function Λ : X → X has been built by pieces. Each piece is a finite union of line segments, therefore each piece
is a closed set. Two “consecutive” pieces have just one point in common, say (x0,0). Note that (x0,0) ∈ Fix(Λk) for
each k. It follows that Λ is continuous in
⋃∞
n=1 Ln.
Let (0, y0) ∈ L0 and ε > 0. There exist δ0 > 0 and k0 ∈ N such that if |t − y0| < δ0, then |f (t)−f (y0)| < ε/2, and
if k  k0, then d(fλk , f ) < ε/2.
Let δ = min{δ0, xk0, ε/2}. If the distance between (x, y) and (0, y0) is less than δ, then (x, y) ∈ L0 or (x, y) ∈ Lk
for some k  k0. In any case it is not difficult to see that ‖Λ(x,y) − Λ(0, y0)‖ < ε. Thus Λ is continuous in L0 as
well.
Finally let F :X → X defined by F = G ◦ Λ. The function F is continuous and enjoys the following properties:
(i) For each n ∈ N, F(Ln) = Ln+2.
(ii) For each (x, y) ∈ X, with x > 0, π1(Fm(x, y)) > 0 for all m ∈ N, and limn→∞ π1(F n(x, y)) = 0. This implies
that both Ω(F) and EP(F ) are contained in L0.
(iii) Let (0, y0) ∈ L0 with 1/2 < y0 < 1. Then for each m ∈ N, Fm(0, y0) = (0,1/2) and limn→∞ Fn(0, y0) =
(0,1/2). Therefore the neighborhood {(x, y): 1/2 < y < 1} ∩ X does not intersect EP(F ).
Properties (ii) and (iii) imply that the point (0,3/4) is not in the closure of EP(F ). We show in the next proposition
that (0,3/4) belongs to Ω(F), so we conclude that Ω(F) ⊂ cl(EP(F )).
Proposition 8. (0,3/4) ∈ Ω(F).
Proof. Let U be a neighborhood of (0,3/4). There exists n0 ∈ N such that
Lk ∩
{
(x, y): y = 3/4}∩ U = ∅
for each k  n0.
Let i ∈ N be such that ∑i−11 2ml + 1 n0.
Recall that Λ(x,y) = Λi(x, y) for any (x, y) ∈⋃j=j1j=j0 Lj , where j0 =
∑i−1
1 2ml + 1 and j1 =
∑i
1 2ml .
Let x0 ∈ [xj0+1, xj0] such that (x0,3/4) ∈ Lj0 . Since (x0,3/4) ∈ U , there exists an open interval W of Lj0 such
that
(x0,3/4) ∈ W ⊂ U.
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Fmi (x0,3/4) = (G ◦Λ)mi (x0,3/4)
= (G ◦Λi)mi (x0,3/4)
= Gmi ◦ Λmii (x0,3/4)
= Gmi (xj0,0) =
((
1
2
)mi
xj0,0
)
.
It implies that (( 12 )
mi xj0,0) ∈ Fmi (W).
Since the interior of Fmi (W) is not empty and the sequence of sets Fmi (W), F ◦ Fmi (W), F 2 ◦ Fmi (W), F 3 ◦
Fmi (W), . . . , tends to L0, then eventually one of them will contain some line segment Ls , s  j0. Therefore, there
exist n ∈ N and s  n0 such that
Ls ⊂ Fn(W) ⊂ Fn(U).
Thus Fn(U) ∩U = ∅. 
Acknowledgements
The author would like to thank professors Paz Álvarez and Jefferson King. They read a previous version of this
note and suggested some valuable changes. Also thanks to Héctor Cejudo Camacho for his help in making the figures
that appear in this note.
References
[1] L. Block, Continuous maps of the interval with finite nonwandering set, Trans. Amer. Math. Soc. 240 (1978) 221–230.
[2] H. Hosaka, H. Kato, Continuous maps of trees and nonwandering sets, Topology Appl. 81 (1997) 35–46.
